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Investigation of Generating Cubic Polynomials 

Gupta and Szymanski discuss methods to generate “nice” cubic polynomials in their 

article Cubic Polynomials with Rational Roots and Critical Points (2010). The desired 

polynomials will be cubic and have rational values for the roots and critical points of the 

function. This type of polynomial is convenient to have when teaching elementary calculus 

problems or even high school level algebra and precalculus so that a calculator will not be 

necessary to find critical values when graphing and discussing the key features of the function 

and graph. Since we are considering roots, local extrema, and points of inflection, we can apply 

the first and second derivative tests to determine the values. However, the purpose of this 

investigation is to reverse engineer these ideas to construct polynomials so that the zeros, 

extrema, and inflection point are all rational. Gupta and Szymanski did achieve a function 

generator which I have investigated and will expand upon as follows. 

Discussion 

Let us consider a cubic polynomial, 𝑓(𝑥) = (𝑥 − 𝑎)(𝑥 − 𝑏)(𝑥 − 𝑑) where 𝑎, 𝑏, 𝑑 ∈ ℚ 

and where the roots of 	𝑓.(𝑥), &	𝑓"(𝑥)	are also members of the Rational Numbers. Let us make a 

translation of 𝑓 to 𝑔 so that two of the roots are symmetrical to the origin. Therefore, let the 

translation be 𝑔(𝑥) = 𝑓 2𝑥 + 456
7
8 = 2𝑥 − 496

7
8 2𝑥 − 694

7
8 2𝑥 − 𝑑 + 456

7
8 where 𝑔(𝑥) has roots 

±694
7
, 𝑑 − 456

7
. Let us denote 𝑡 = 694

7
 and 𝑠 = 𝑑 − 456

7
 so that the roots of 𝑔(𝑥) are ±𝑡, 𝑠. Then, 

𝑔(𝑥) = (𝑥 + 𝑡)(𝑥 − 𝑡)(𝑥 − 𝑠) = (𝑥7 − 𝑡7)(𝑥 − 𝑠). We then derive,  

𝑔.(𝑥) = 2𝑥(𝑥 − 𝑠) + 𝑥7 − 𝑡7 = 3𝑥7 − 2𝑠𝑥 − 𝑡7 which is a quadratic function with the roots 

𝑥 = 7?±	√A?B5C7DB

E
= 7?±FA(?B5GDB)	

E
= ?±√?B5GDB

G
. Additionally, we see 𝑔"(𝑥) = 6𝑥 − 2𝑠 which is 
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linear, and the root of 𝑔"(𝑥) is 𝑥 = ?
G
 which is rational, so we do not need to consider 𝑔”(𝑥) 

further. However, the roots of 𝑔’(𝑥) are rational if and only if the discriminant  

𝐷 = 4𝑠7 + 12𝑡7	 is a square of rational number, that is,  N
A
= 𝑠7 + 3𝑡7 = 𝑟7   where 𝑠, 𝑡, 𝑟 ∈ ℚ.  

Let us show next that any rational solution (𝑠, 𝑡, 𝑟) of the equation 𝑠7 + 3𝑡7 = 𝑟7 is a 

rational multiple of a primitive integer solution of this equation. Let 𝑠 = 4
6
, 𝑡 = P

Q
, 𝑟 = R

S
	where 

𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ ℤ	and	𝑏, 𝑑, 𝑓 ≠0. Then we have 24
6
8
7
+ 32P

Q
8
7
= 2R

S
8
7
. Clearing the 

denominators, we get  𝑎7𝑑7𝑓7 + 3𝑏7𝑐7𝑓7 = 𝑏7𝑑7𝑒7 → (𝑎𝑑𝑓)7 + 3(𝑏𝑐𝑓)7 = (𝑏𝑑𝑒)7.  

We conclude that (𝑈, 𝑉,𝑊) = (𝑎𝑑𝑓, 𝑏𝑐𝑓, 𝑏𝑑𝑒) is an integer solution of 𝑠7 + 3𝑡7 = 𝑟7. 

Let gcd(𝑈, 𝑉,𝑊) = 𝑝, then (𝑢, 𝑣, 𝑤) = 2c
d
, e
d
, f
d
8 is a primitive solution of 𝑠7 + 3𝑡7 = 𝑟7. Now 

we can express our original rational solution as 	(𝑠, 𝑡, 𝑟) = 𝛼(𝑢, 𝑣, 𝑤), where  𝛼 = d
6QS

∈ ℚ. 

We have checked that any rational solution of our equation is a rational multiple of a primitive 

solution, and hence we can now concentrate on describing primitive solutions.  

Description of all Primitive Solutions to 𝒖𝟐 + 𝟑𝒗𝟑 = 𝒘𝟐 

We now find primitive solutions for 𝑢7 + 3𝑣7 = 𝑤7, that is, gcd(𝑢, 𝑣, 𝑤) = 1. Note that 

we can also assume that 𝑢, 𝑣, and 𝑤 are all non-negative. There are four considerations seen in 

the table below. 

𝒖 	 𝒗 	 𝒘𝟐 	 𝒘 	 Outcome 

even even even even Not primitive 

odd even odd odd Case 1 

even odd odd odd Not possible 

odd odd even even Case 2 
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It is obvious that 𝑢, 𝑣, and 𝑤2 cannot all be even as the solution will not be primitive. Let 

us explain why we cannot have even 𝑢 and odd 𝑣. Let 𝑢 = 2𝑘, 𝑣 = 2𝑙 + 1,𝑤 = 2𝑝 + 1	for some 

integers k, l, and p. By substitution we see: 

𝑢7 + 3𝑣7 = 𝑤7	

(2𝑘)7 + 3(2𝑙 + 1)7 = (2𝑝 + 1)7	

4𝑘7 + 3(4𝑙7 + 4𝑙 + 1) = 4𝑝7 + 4𝑝 + 1	

4(𝑘7 + 3𝑙7 + 3𝑙) + 3			 = 			4(𝑝7 + 𝑝) + 1	

When 4(𝑘7 + 3𝑙7 + 3𝑙) + 3 is divided by 4 the remainder is 3. When 4(𝑝7 + 𝑝) + 1 is divided 

by 4 the remainder is 1, thus 4(𝑘7 + 3𝑙7 + 3𝑙) + 3 ≠ 4(𝑝7 + 𝑝) + 1. Hence, 𝑢 = even, 𝑣 = odd, 

𝑤7 = odd is not possible. 

Proposition 1: Let u and w be odd relatively prime integers. Then gcd 2p5q
7
, p9q

7
8 = 1.  

Proof. Presume 𝑝| p5q
7

 and 𝑝| p9q
7

 where 𝑝 ∈ ℤ and prime for some 𝑟, 𝑡 ∈ ℤ, 𝑟 = p5q
7d

, 𝑡 = p9q
7d

. 

s𝑢 + 𝑤 = 2𝑟𝑝
𝑢 − 𝑤 = 2𝑡𝑝  using this system of equations, we see: 

2𝑢 = 2𝑟𝑝 + 2𝑡𝑝 → 𝑢 = 𝑝(𝑟 + 𝑡) and  

2𝑤 = 2𝑟𝑝 − 2𝑡𝑝 → 𝑤 = 𝑝(𝑟 − 𝑡).  

This shows 𝑝|𝑢 and 𝑝|𝑤 which is a contradiction to gcd(𝑢, 𝑤) = 1. Thus, gcd 2p5q
7
, p9q

7
8 = 1. 

Proposition 2: Let 𝑎, 𝑏, 𝑐, ∈ ℤ5 such that 𝑎7 = 𝑏𝑐 and gcd(𝑏, 𝑐) = 1. Then 𝑏 and 𝑐 are 

perfect squares. 

Proof. Let a be expressed as the product of primes 𝑝t
uv where 𝑝w are unique primes and 𝑟w ∈ ℤ5. 

Let 𝑎 = 𝑝C
ux ∙ 𝑝7

uB ∙∙∙ 𝑝t
uv → 𝑎7 = z𝑝C

ux ∙ 𝑝7
uB ∙∙∙ 𝑝t

uv{7 = 𝑝C
7ux ∙ 𝑝7

7uB ∙∙∙ 𝑝t
7uv → 𝑎7 = 𝑏𝑐 
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By substitution 𝑏𝑐 = 𝑝C
7ux ∙ 𝑝7

7uB ∙∙∙ 𝑝t
7uv and since 𝑏 and 𝑐 are relatively prime, without loss of 

generality we can express 𝑏 and 𝑐 as the product of primes 𝑏 = 𝑝C
7ux ∙ 𝑝7

7uB ∙∙∙ 𝑝|
7u} and  

𝑐 = 𝑝|5C
7u}~x ∙ 𝑝|57

7u}~B ∙∙∙ 𝑝t
7uv. 

Thus 𝑏 = z𝑝C
ux ∙ 𝑝7

uB ∙∙∙ 𝑝|
u}{7 and 𝑐 = z𝑝|5C

u}~x ∙ 𝑝|57
u}~B ∙∙∙ 𝑝t

uv{7 where  

𝑝C
ux ∙ 𝑝7

uB ∙∙∙ 𝑝|
u} = 𝑚 and 𝑝|5C

u}~x ∙ 𝑝|57
u}~B ∙∙∙ 𝑝t

uv = 𝑛 for 𝑚, 𝑛 ∈ ℤ5. 

Thus 𝑏 = 𝑚7, 𝑐 = 𝑛7 and 𝑎7 = 𝑏𝑐 = 𝑚7𝑛7. 

Case 1: 𝒖 is odd, 𝒗 is even, and 𝒘 is odd 

Let us presume 𝑣 is even, then 𝑣 = 2𝑘, 𝑘 ∈ ℤ and we have   

3𝑣7 = 12𝑘7 = 𝑤7 − 𝑢7 = (𝑤 + 𝑢)(𝑤 − 𝑢). 

We also have: gcd(𝑢, 𝑣) = gcd(𝑢, 𝑤) = gcd(𝑣, 𝑤) = 1.  

Since 𝑢 and 𝑤 are both odd, then (𝑤 + 𝑢) and (𝑤 − 𝑢) are both even.  

Thus 3𝑘7 = 2q5p
7
8 2q9p

7
8, where q5p

7
 and q9p

7
 are integers. 

Since we already showed in Proposition 1 that 2q5p
7
8 	&	 2q9p

7
8 are relatively prime, we can say 

3 divides either q5p
7

 or q9p
7

, but not both.   

Let us presume 3| q5p
7

, then the implication is that 𝑘7 = q9p
7
∙ q5p

E
 where q9p

7
, q5p

E
∈ ℤ 

and gcd 2q9p
7
, q5p

E
8 = 1. By Proposition 2, we know q9p

7
 and q5p

E
 are prefect squares. 

Let q9p
7
= 𝑛7 and q5p

E
= 𝑚7, then 𝑤 − 𝑢 = 2𝑛7, 𝑤 + 𝑢 = 6𝑚7 by systems of equations we see: 

s𝑤 − 𝑢 = 2𝑛7
𝑤 + 𝑢 = 6𝑚7 → 2𝑤 = 2𝑛7 + 6𝑚7 → 𝑤 = 3𝑚7 + 𝑛7   

Similarly,  s𝑤 − 𝑢 = 2𝑛7
𝑤 + 𝑢 = 6𝑚7 → 2𝑢 = 6𝑚7 − 2𝑛7 → 𝑢 = 3𝑚7 − 𝑛7 

By substitution where 3𝑣7 = (𝑤 − 𝑢)(𝑤 + 𝑢) → 3𝑣7 = (6𝑚7)(2𝑛7) = 12𝑚7𝑛7 → 
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𝑣7 = 4𝑚7𝑛7 → 𝑣 = 2𝑚𝑛.  

What if 3| q9p
7

? Then the implication is that 𝑘7 = q9p
E
∙ q5p

7
 where gcd 2q9p

E
, q5p

7
8 = 1 

and q9p
E
, q5p

7
∈ ℤ. Again, by Proposition 2 we know q9p

E
 and q5p

7
 are prefect squares. 

Let q9p
E
= 𝑚7 and q5p

7
= 𝑛7 then 𝑤 − 𝑢 = 6𝑚7,𝑤 + 𝑢 = 2𝑛7 by systems of equations we see: 

s𝑤 − 𝑢 = 6𝑚7

𝑤 + 𝑢 = 2𝑛7
→ 2𝑤 = 6𝑚7 + 2𝑛7 → 𝑤 = 3𝑚7 + 𝑛7  

Similarly,  s𝑤 − 𝑢 = 6𝑚7

𝑤 + 𝑢 = 2𝑛7
→ 2𝑢 = 2𝑛7 − 6𝑚7 → 𝑢 = 𝑛7 − 3𝑚7 

By substitution where 3𝑣7 = (𝑤 − 𝑢)(𝑤 + 𝑢) → 3𝑣7 = (6𝑚7)(2𝑛7) = 12𝑚7𝑛7 → 

𝑣7 = 4𝑚7𝑛7 → 𝑣 = 2𝑚𝑛  

Here we conclude, 𝑢 = ±(3𝑚7 − 𝑛7), 𝑣 = ±2𝑚𝑛,𝑤 = ±(3𝑚7 + 𝑛7) seeing that 𝑚 and 𝑛 are 

relatively prime non-negative integers of opposite parity. Note that since we are only interested 

in 𝑢 and 𝑣, we can write 𝑢 = (3𝑚7 − 𝑛7), 𝑣 = 2𝑚𝑛, where 𝑚 and 𝑛 are relatively prime 

integers of opposite parity. 

Case 2: u is odd, v is odd, and w is even 

As in case 1 we have: gcd(𝑢, 𝑣) = gcd(𝑢, 𝑤) = gcd(𝑣, 𝑤) = 1 and we write  

3𝑣7 = 𝑤7 − 𝑢7 = (𝑤 + 𝑢)(𝑤 − 𝑢).	 

Let us presume 3|𝑤 + 𝑢 then, the implication is that 𝑣7 = 2q5p
G
8 (𝑤 − 𝑢) where 2q5p

G
8 

and (𝑤 − 𝑢) are relatively prime integers. By Proposition 2 we know 2q5p
G
8 and (𝑤 − 𝑢) are 

prefect squares. Let 2q5p
G
8 = 𝑚7, (𝑤 − 𝑢) = 𝑛7	where 𝑚, 𝑛 ∈ ℤ	then 𝑢 = G�B9tB

7
, 

𝑣 = 𝑚𝑛,	and	𝑤 = G�B5tB

7
.  

What if 3|𝑤 − 𝑢? Then the implication is 𝑣7 = 2q9p
G
8 (𝑤 + 𝑢) where 2q9p

G
8 and  
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(𝑤 + 𝑢) are relatively prime integers. Again, by Proposition 2 we know 2q9p
G
8 and (𝑤 + 𝑢) are 

prefect squares. Let 2q9p
G
8 = 𝑚7, (𝑤 + 𝑢) = 𝑛7	where 𝑚, 𝑛 ∈ ℤ then 𝑢 = G�B9tB

7
, 

𝑣 = 𝑚𝑛,		and	𝑤 = G�B5tB

7
. 

Description of 𝒇(𝒙) 

 Finally, let us obtain a description for 𝑓(𝑥) in terms of 𝑢 and 𝑣. Recall,  

𝑔(𝑥) = 𝑓 2𝑥 + 456
7
8 = (𝑥7 − 𝑡7)(𝑥 − 𝑠) where 𝑡 = 694

7
 and 𝑠 = 𝑑 − 456

7
 and the roots of 𝑔(𝑥) 

are ±𝑡, 𝑠. In other words, we can express 𝑎 and 𝑏 in terms of 𝑟, 𝑠, and 𝑡. 

�
𝑠 = 𝑑 −

𝑎 + 𝑏
2

𝑡 =
𝑏 − 𝑎
2

→	 �𝑠 + 𝑡 = 𝑑 − 𝑎
𝑠 − 𝑡 = 𝑑 − 𝑏 → �𝑎 = 𝑑 − 𝑠 − 𝑡

𝑏 = 𝑑 − 𝑠 + 𝑡 

By substitution 𝑓(𝑥) = (𝑥 − 𝑎)(𝑥 − 𝑏)(𝑥 − 𝑑) = (𝑥 − 𝑑 + 𝑠 + 𝑡)(𝑥 − 𝑑 + 𝑠 − 𝑡)(𝑥 − 𝑑). 

In terms of 𝑑, 𝑠, 𝑡 for 𝑓(𝑥) we get:  

𝑓(𝑥) = 𝑥G − (3𝑑 − 2𝑠)𝑥7 + (3𝑑7 − 4𝑑𝑠 + 𝑠7 − 𝑡7)𝑥 − (𝑑G − 2𝑑7𝑠 + 𝑑𝑠7 − 𝑑𝑡7) 

Now let us substitute 𝑠 = 𝛼𝑢, 𝑡 = 𝛼𝑣 into 𝑓(𝑥) where 𝛼 ∈ ℚ. 

𝑓(𝑥) = 𝑥G − (3𝑑 − 2𝛼𝑢)𝑥7 + (3𝑑7 − 4𝛼𝑑𝑢 + 𝛼7𝑢7 − 𝛼7𝑣7)𝑥 − (𝑑G − 2𝛼𝑑7𝑢 + 𝛼7𝑑𝑢7 − 𝛼7𝑑	𝑣7)  

Together with the description of all primitive solutions (𝑢, 𝑣, 𝑤) of the equation 𝑢7 + 3𝑣7 = 𝑤7	 

this gives us a description of all rational cubic polynomials  𝑓(𝑥) such that the roots of its first 

and second derivative are also rational. 

Examples 

Given 𝑓(𝑥) in terms of 𝛼, 𝑑, 𝑢, 𝑣 ∈ ℚ. Let 𝛼 = 1, 𝑑 = 1, 𝑢, 𝑣 ∈ ℤ as determined by 𝑚 and 𝑛 

where 𝑚and 𝑛 are relatively prime have opposite parity or both 𝑚 and 𝑛 are odd. 

𝑓(𝑥) = 𝑥G − (3𝑑 − 2𝛼𝑢)𝑥7 + (3𝑑7 − 4𝛼𝑑𝑢 + 𝛼7𝑢7 − 𝛼7𝑣7)𝑥 − (𝑑G − 2𝛼𝑑7𝑢 + 𝛼7𝑑𝑢7 − 𝛼7𝑑	𝑣7)  

𝑓(𝑥) = 𝑥G − (3 − 2𝑢)𝑥7 + (3 − 4𝑢 + 𝑢7 − 𝑣7)𝑥 + (2𝑢 − 𝑢7 + 𝑣7)  
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𝒎 𝒏 𝒖 = 𝟑𝒎𝟐 − 𝒏𝟐 𝒗 = 𝟐𝒎𝒏 𝒇(𝒙) = 𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅 
2 1 11 4 𝑓(𝑥) = 𝑥G + 19𝑥7 + 64𝑥 − 84 
2 3 3 12 𝑓(𝑥) = 𝑥G + 3𝑥7 − 144𝑥 + 140 
1 2 -1 2 𝑓(𝑥) = 𝑥G − 5𝑥7 + 4𝑥 
3 4 11 24 𝑓(𝑥) = 𝑥G + 19𝑥7 − 496𝑥 + 476 

 

𝒎 𝒏 𝒖 =
𝟑𝒎𝟐 − 𝒏𝟐

𝟐  𝒗 = 𝒎𝒏 𝒇(𝒙) = 𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅 

1 3 -3 3 𝑓(𝑥) = 𝑥G − 9𝑥7 + 15𝑥 − 6 
3 7 -11 21 𝑓(𝑥) = 𝑥G + 25𝑥7 − 273𝑥 − 297 
5 3 33 15 𝑓(𝑥) = 𝑥G − 63𝑥7 + 735𝑥 + 799 
3 5 1 15 𝑓(𝑥) = 𝑥G − 𝑥7 − 256𝑥 − 256 

 

Let us look at an example in more depth. For 𝑚 = 2, 𝑛 = 3 we obtain 𝑢 = 3, 𝑣 = 12 thus 

generating 𝑓(𝑥) = 𝑥G + 3𝑥7 − 144𝑥 + 140  The factored form of 𝑓 is  

𝑓(𝑥) = (𝑥 + 14)(𝑥 − 1)(𝑥 − 10) where the roots are 𝑥 = 	−14, 1, 10. Then 

𝑓.(𝑥) = 3𝑥7 + 6𝑥 − 144 = 3(𝑥7 + 2𝑥 − 48) = 3(𝑥 + 8)(𝑥 − 6) where the roots of 𝑓′(𝑥) are 

𝑥 = −8, 6 which indicate the local extrema of 𝑓. Additionally, we get 𝑓"(𝑥) = 6𝑥 + 6 where the 

root is 𝑥 = −1 which indicates the point of inflection of 𝑓.  Finally, the x-intercepts of 𝑓(𝑥) are 

(−14, 0), (1, 0),	and	(10, 0).  The local maximum is (−8, 972), local minimum is (6, −400), 

and the point of inflection is (−1,286). 
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Conclusion 

Cubic polynomials with rational roots and critical values are extremely valuable to 

mathematics educators at multiple levels of education. These polynomials can be used to present 

various topics to students without having the students getting tangled in heavy algebra 

computations. For example, students can more easily graph, find key values such as roots, local 

extrema, and inflection points without the need for a calculator. Their work with these problems 

can expand on basic concepts without heavy calculator usage which can be helpful at times when 

we as educations want students to internalize their knowledge and work.   
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